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Carlson's theorem [1, p. 153] states that an entire function of exponential
type r less than n must vanish identically if it vanishes at the integers. Let
f(z)=u(z)+iv(z)(u,v real). It is not enough to assume that u(m)=O,
m = 0, ± 1, ±2,... , in order to conclude fez) == 0, but it is known to be
sufficient to have both u(m) =°and u(m + i) = 0, m = 0, ± 1, ±2,... (see
[2]). Here I show that if f(z) satisfies mild restrictions on its growth on the
real axis and u(m) = 0, then f(z) == ° provided that u(m + i) =° or
v(m + i) = 0, except on a set of integers of density less than 1 - (r/n). Hence
I consider a somewhat more restricted class of functions than in [2], but
obtain much sharper uniqueness theorems.

I thank Professor R. P. Boas for suggesting the problem.

THEOREM 1. Let fez) be an entire function of exponential type r less
than 7[, Let f(m) = u(m) + iv(m), u(m) = 0, m = 0, ± 1, ±2,... , If(m)\ < M,
m = 0, ± 1, ±2,..., and L'='w Iv(m)1 < 00. If u(m + i) =°except on a set of
points of density less than 1 - (r/n), then fez) == 0.

Proof Sincef(z) is of exponential type r less than n and is bounded at
the integers, it follows from Cartwright's theorem [1, p. 180] that f(x) is
bounded for all real x. Hencef(z) has the representation

sin nz sin nz _z_s_in_n_z_ y (-1r .Itn)
f(z) =f' (0) -n- +f(O) -n-z- + n :;;0 n(z - n)

(see [lJ, p.221). Set z=m+i, keeping 10 mind that f(m) = iv(m) and
sin n(m + i) = i(_1)m sinh n, to obtain
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sinh n sinh n
f(m + i) = v'(O)(-I)m+ 1-- + iu'(O)(-I)m_-

n n

+v(O)(_1)m+l msinhn -iv(O)(_1)m+l sinhn
n(m 2 + 1) n(m 2 + 1)

( )
m+l sinh n '" (_1)n v(n)

+m -1 --, .
n n'7o n(m - n + I)

. )m+l sinh n \~ (-It v(n)
+1(-1 -- ~ .

n n*O n(m-n+l)
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Multiply both sums on the right of the above equation by
(m - n) - i/(m - n) - i to obtain

sinh n sinh n
f(rn + i) = v'(O)(_1)m+l --+ iu'(O)(-I)m_-

n n

+ v(O)(_1)m+ 1

+ m sinh n \~

n ;;;0

m sinh n. m+ I

n(m 2 + 1) -w(O)(-I)

(_1)m-n+ l(m - n) v(n)

n[(m-n)2+I]

sinh n

n(m 2 + 1)

_ im sinh n \' (_1)m-n+l v(n)

n ;;0 n[(m-n)2 + 1]

isinhn \' (_1)m-n+l(m-n)v(n)
+ [ 2n ;;;0 n (m-n) + 1]

sinh n , (_1)m-n+l v(n)
+--\

n ;;;on[(m-n)2+I]"

We then have

- sinh n [ m
Ref(m + i) = u(m + i) = v'(O)(-I)m + v(O)(_1)m 2 1

n m +.
Y (_1)m-n(m - n) v(n) .... ' (_1)m-n v(n)]

+m,,- 2 +2.. 2'
n*O n[(m-n) + 1] n*O n[(m-n) + 1]

- sinh n [ (_I)m
Imf(m + i) = v(m + i) = U' (O)(_1)m-l - V(O) -'--.-2-'---

n m + 1

,~ (_I)m-n(m - n) v(n) ~ (_1)m-n v(n)]
+ L. 2 -m L. 2·

n*O n[(m-n) +1] n*on[(m-n) +1]
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By [4, p. 13] with a = b = 1, I = n,

. (-I)m-n(m-n). . nsinhx
1 L: ( )2 1 sm(m - n) x = -I . h ' -n < x < n.

n",O m - n + sm n

Since the convolution of the Fourier coefficients of two functions yields the
Fourier coefficients of the product of the functions (see [31, p. 23) we have
that

L: (_1)m-n(m ~ n) v(n)

n",O n[(m-n) + 1]

is the mth Fourier coefficient of

-in sinh x " v(n) inx
. h L --e ,

sm n n",O n
-n <x < n.

Similarly, by 14, p. 121, we have, for a = b = I, 1= n,

00 (_1)m-n ncoshx
L: ( )2 I cos(m - n) x = . h '
-00 m - n + sm n

so that

(-I)m-lI v(n)

];onl(m-n)2+11

is the mth Fourier coefficient of

-n~x~ n,

n cosh x I v(n) inx

sinh n n",O -n- e , -n~x~n.

-n <x < n.

Also, v(O)(-1)mm/(m 2 + 1) is the mth Fourier coefficient of

. ~ (-1) mm. -iv(O)nsinhx
w(O) L 2 1 sm mx = . h '

-00 m + sm n

Since am = (_I)m, m = 0, ± 1, ±2,... , are not the Fourier coefficients of any
absolutely integrable function, we must have v'(O) = 0.

Hence,

u(m + i) = - sinh n [V(O)(_1)m 2m + m L (_1)m-lI(m - n) v(n)
n m + 1 11",0 n[(m-n)2 + 1]

(-I)m-n v(n) ]
+ n;;on[(m-n)2+1]
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is the mth Fourier coefficient of
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F(x) = -sinhn [-iV(o!nSinhX +~~l-i~sinhx L v(n) einxl
n smh n I dx smh n n'" 0 n \

n cosh x " v(n) inx]+ . h L. --e ,
sm n n",O n

-n <x <n.

Simplifying, we find that u(m + i) is the mth Fourier coefficient of

. ). 'n v(n) 'nxF(x) = w(O smh x + cosh x ) -- e'
;;0 n

+ i sinh x L v(n) einx - cosh x L v(n) einX,
n",O n",O n

00

F(x) = i sinh x L v(n) einX,
-00

-1C < X < n.

The hypothesis implies that f=-. F(x) eiAnX = 0 for a sequence of integers An
of density greater than 1:/n. By [1, p. 2361 (with a change of variable)
F(x) = i sinh x L:~oov(n)einx vanishes for almost all x in (-n,n). Since
sinh x = 0 if and only if x = 0, we conclude v(n) == O. Hence
f(n) = u(n) + iv(n) = 0 for all n, and by Carlson's theoremf(z) == O.

THEOREM 2. With the hypotheses of Theorem 1, if v(m + i) = 0 except
on a set ofpoints of density less than 1- (1:/n), then f(z) == o.

Proof. Recall that

v(m+i)= -sinhn [u'(O)(_1)m+l_ v(o) (~1)m
n m + 1

Proceeding as in the proof of Theorem 1, we conclude that v(m + i) is the
mth Fourier coefficient of

G(x) = -sinhn [-V(O) n:oshx -i n~inhx y v(n) einx
n smh n smh 7C n70 n

-7C < X < 7C.
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Simplifying, we find that v(m + i) is the mth Fourier coefficient of

'\~ v(n) . '\' v(n) .
G(x) = v(O) cosh x + i sinh x L -- e,nx - i sinh x L -- e lnX

n*O n n*O n

+ cosh x L v(n) einX,
n*O

00

G(x) = cosh x L v(n) einx ,
-00

-re <x < reo

Now continue as in the proof of Theorem 1, with F(x) replaced with G(x).

The type re is critical, as is shown in Theorem 3.

THEOREM 30 There exist entire functions f(z) of exact type re with
f(m) = u(m) + iv(m), u(m) = 0, m = 0, ± I, ±2,.. 0, If(m)1 <M, m = 0, ±1,
±2,0.., and Lc<Joolv(m)l<oo, such that either (i) v(m+i)=O, or (ii)
u(m + i) = 0, in either case except on a set of integers {m nI of density zero,
but f(z) i= O.

Proof (i) Consider

.'" sin zt, 0

f(z) = I j -h-L bnsm mnt dt,
-" cos t n

where bn~ 0, Ln bnm~ < 00, and the set of integers {mnl has density zero.
By [1,p. 108If(z) is of exact type re. Since the integrand is real on the real
axis, f(m) is pure imaginary, and u(m) = 0 for all m. Also,
Isin mtl/cosh t ~ 1, so that If(m) I~ Ln IbnIf~" Isin mn tldt ~ 2re Ln bn < 00,

and If(m)1 is bounded for all m. Integrating f(m) by parts twice, we find
that

i f" sin mt \' .f(m) =-2 --~bnsmmntdt
m -" cosh t n

i f" sin mt \ ' 2'+-2 -- .., bnmnsmmntdt
m _" cosh t-;

2i f" sin mt sinh t '\ ' b d+-2 2· nmn cos mnt t
m _" cosh t -;

2i f" sin mt sinh
2
t ",,' b' d

--2 3 L n sm mnt t.
m _" cosh t n

Since each integrand on the right of the above equation is a bounded
function on [-re, re], If(m)1 = Iv(m)1 ~ Mlm 2

, M a constant. Hence
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L~oo Iv(m)1 ~MLm*o 11m2 < 00. A simple computation shows that
v(m + i) = f':" sin mt Ln bn sin mnt dt, so that v(m + i) = 0, m '* mn, and
v(m + i) '* 0, m = mn.

(ii) Consider

f" sin zt
J(z) = i -'-h-L: bn(1 - cos mn t) dt,

-" sm tn.

where Ln bn = 0, Ln Ibnl m~ < 00, and the set of integers {mn} has density
zero. Proceed as in the proof of (i) and conclude thatJ(z) is of exact type n,
u(m) = 0 for all m, and IJ(m)1 is bounded for all m. IntegrateJ(m) by parts
twice and obtain

_ - 2i J" sin m t ,"'" 2J(m)--2-' bnmncosmntdt
m 0 smh t -;;-

4i J" sin mt cosh t ,""' b . d+-2 . 2 L nmn sm mnt t
m 0 smh t n

2i f" sin mt ....,+- . Ibn(l-cosmnt)dt
m2

0 smh t n

4i J" sin mt cosh 2 t '\~ b ( ) d
--2 . h3 L n l-cosmnt t.

m 0 sm t n

Since each integrand on the right of the above equation is a bounded
function on [0, n], we once again conclude L~oo Iv(m)1 < 00. Since
u(m + i) = f':" cos mt Lnbn cos m n t dt, u(m + i) = 0, m '* mn, and
u(m + i) '* 0, m = mn.
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